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Bell-state analysis (BSA) is essential in quantum communication, but it is impossible to distin-
guish unambiguously the four Bell states in the polarization degree of freedom (DOF) of two-photon
systems with only linear optical elements, except for the case in which the BSA is assisted with hy-
perentangled states, the simultaneous entanglement in more than one DOF. Here, we propose a
scheme to distinguish completely the 16 hyperentangled Bell states in both the polarization and
the spatial-mode DOFs of two-photon systems, by using the giant nonlinear optics in quantum
dot-cavity systems. This scheme can be applied to increase the channel capacity of long-distance
quantum communication based on hyperentanglement, such as entanglement swapping, telepor-
tation, and superdense coding. We use hyperentanglement swapping as an example to show the
application of this HBSA.
PACS numbers: 03.67.Hk, 03.67.Mn, 42.50.Pq, 78.67.Hc
I. INTRODUCTION
Entanglement is a key quantum resource for quantum information processing and it plays a critical role in many
important applications in quantum communication, such as quantum key distribution [1–5], quantum dense coding
[6, 7], quantum teleportation [8], and entanglement swapping [9]. Some important goals in quantum communication
require the complete and deterministic analysis of the Bell states. In 1999, Vaidman’s [10] and Lu¨tkenhau’s [11] groups
put forward a Bell-state analysis (BSA) for teleportation with only linear optical elements. Unfortunately, with linear-
optical elements, one can obtain the optimal success probability of 50% both in theory [12] and in experiment [13–15]
(Of course, by guessing at random when an ambiguous result is obtained, one can technically achieve a 75% success
rate in identifying the four Bell states). The BSA on photon pairs entangled in one degree of freedom (DOF) attracted
much attention [16–25].
The entanglement of photon pairs in several DOFs [26–28], called it hyperentanglement, is useful in quantum
information processing, especially in quantum communication for completing BSA on polarizations of photon pairs
[29–33], performing entanglement purification [34–39], distributing entangled polarization states faithfully [40], or
improving the channel capacity. For example, Kwiat andWeinfurter [29] first introduced the way to distinguish the four
orthogonal Bell states of photon pairs in the polarization DOF with the hyperentanglement in both the polarization
DOF and the momentum DOF in 1998. In 2003, Walborn et al. [30] proposed a simple scheme for completing Bell-state
measurement for photon pairs entangled in the polarization DOF or the momentum DOF by using hyperentangled
states with linear optics. The experiments of a complete BSA have also been reported with polarization-time-bin
hyperentanglement [31] and polarization-momentum hyperentanglement [32] later. It implies a complete BSA in the
polarization DOF can be accomplished with hyperentanglement in a larger Hilbert space by introducing other DOFs.
In 2008, Barreiro et al. [33] beat the channel capacity limit for linear photonic superdense coding with polarization-
orbital-angular-momentum hyperentanglement. In 2002, Simon and Pan [34] proposed an entanglement purification
protocol (EPP) using hyperentanglement in both the polarization and the spatial DOFs. In 2008, an efficient EPP
based on a parametric down-conversion source was proposed, resorting to this hyperentanglement [35]. In 2010,
deterministic EPPs were proposed with hyperentanglement [36–39]. In 2010, a faithful entanglement distribution
scheme for polarization was proposed [40], resorting to the stability of the frequency entanglement of photon pairs.
Considering a large Hilbert space with an additional DOF, e.g., a quantum system in a hyperentangled state in
two DOFs which span the Hilbert space with 16 orthogonal Bell states, one can not distinguish them completely with
only linear optics. In 2007, Wei et al. [41] pointed out that 7 states in the group of 16 orthogonal Bell states is
distinguishable with only linear optics. In 2011, Pisenti et al. [42] presented a very general theoretical explanation of
the inadequacy of linear evolution and local measurement in (hyperentangled-) Bell-state analysis, and they pointed
out the limitations for manipulation and measurement of entangled systems with inherently linear, unentangling
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2devices. If nonlinear optics is introduced, these 16 orthogonal Bell states can be distinguished completely. In 2010,
Sheng et al. [43] presented a complete hyperentangled BSA (HBSA) with cross-Kerr nonlinearity. Although a lot of
works have been studied on cross-Kerr nonlinearity [44], a clean cross-Kerr nonlinearity in the optical single-photon
regime is still quite a controversial assumption with current technology [45, 46]. In recent years, a solid state system
based on an electron spin in a quantum dot (QD) has attracted much attention with its giant nonlinearity. In
2008, Hu et al. [47] proposed a quantum nondemolition method using the interaction of left-circularly and right-
circularly polarized lights with a one-side QD-cavity system. This nonlinear optics in a QD-cavity system can be
used to construct multi-photon entangler [47, 48] and photonic polarization BSA [49, 50]. In 2010, Bonato et al. [49]
proposed a photonic polarization BSA using quantum-dot microcavities in the weak-coupling limit. In 2011, Hu et al.
[50] presented some interesting schemes for BSA using the nonlinear optics of a single quantum-dot spin in a one-side
optical microcavity.
In this article, we present complete HBSA with the nonlinear optics based on a one-side QD-cavity system. It can be
used to distinguish completely the 16 hyperentangled Bell states in both the polarization and the spatial-mode DOFs
of two-photon systems. This scheme divides the process for HBSA into two steps. The first step is to distinguish the
four Bell states in spatial-mode DOF, without destroying the two-photon system itself and its state in the polarization
DOF. This task should resort to quantum nondemolition detectors (QNDs) based on nonlinear optics of a one-side
QD-cavity system. In the second step, one can adjust the QD-cavity systems to distinguish the four Bell states in
the polarization DOF. This HBSA scheme can be applied to increase the channel capacity of long-distance quantum
communication based on hyperentanglement, such as entanglement swapping, teleportation, and superdense coding.
We use hyperentanglement swapping as an example to show its application.
II. INTERACTION BETWEEN A CIRCULARLY POLARIZED LIGHT AND A QD-CAVITY SYSTEM
Considering a singly charged QD in a cavity, e.g., a self-assembled In(Ga)As QD or a GaAs interface QD inside an
optical resonant microcavity, the QD is located in the center of the cavity to achieve a maximal light-matter coupling.
With an excess electron injected into the QD, the singly charged QD shows the optical resonance with the negatively
charged exciton X− that consists of two electrons bound to one hole [51]. According to Pauli’s exclusion principle, X−
has spin-dependent transitions [52]. If the excess electron in the QD is in the spin state | ↑〉, only the left circularly
polarized light |L〉 can be resonantly absorbed to create the negatively charged exciton in the state | ↑↓⇑〉 with two
antiparallel electron spins. Here | ⇑〉 represents a heavy-hole spin state | + 32 〉. If the excess electron in the QD is in
the spin state | ↓〉, only the right circularly polarized light |R〉 can be resonantly absorbed to create the negatively
charged exciton in the state | ↓↑⇓〉 with two antiparallel electron spins. Here | ⇓〉 represents the heavy-hole spin state
|− 32 〉. They have different phase shifts when the photons in these two different circularly polarized states are reflected
from the QD-cavity system.
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FIG. 1: The spin-dependent transitions for negatively charged exciton X−. (a) A charged QD inside a micropillar microcavity
with circular cross section. (b) Spin selection rule for optical transitions of negatively charged exciton X− due to the Pauli’s
exclusion principle. L and R represent the left and the right circularly polarized lights, respectively.
The whole process can be represented by Heisenberg equations for the cavity field operator a andX− dipole operator
3σ− in the interaction picture [53],
da
dt
= −[i(ωc − ω) + κ
2
+
κs
2
]a− gσ− −
√
κ ain,
dσ−
dt
= −[i(ωX− − ω) +
γ
2
]σ− − gσz a,
aout = ain +
√
κa,
(1)
where ω, ωc, and ωX− are the frequencies of the input probe light, cavity mode, and X
− transition, respectively. g is
the coupling strength between X− and the cavity mode, γ/2 and κ/2 are the decay rates of X− and the cavity field,
and κs/2 is the side leakage rate of the cavity.
With a weak excitation condition (X− stays in the ground state at most time and 〈σz〉 = −1), the reflection
coefficient for the QD-cavity system can be obtained as [47]
r(ω) = 1− κ[i(ωX− − ω) +
γ
2 ]
[i(ωX− − ω) + γ2 ][i(ωc − ω) + κ2 + κs2 ] + g2
. (2)
One can get the reflection coefficient r0(ω) for a cold cavity with the uncoupled QD by taking g = 0 as following [47]:
r0(ω) =
i(ωc − ω)− κ2 + κs2
i(ωc − ω) + κ2 + κs2
. (3)
If the excess electron is in the spin state | ↑〉, the |L〉 light feels a hot cavity (coupled with the QD-cavity system)
and gets a phase shift of ϕh after being reflected (the subscript h represents a hot cavity), whereas the |R〉 light
feels a cold cavity and gets a phase shift of ϕ0. By adjusting the frequencies ω and ωc, one can get the reflection
coefficients |r0(ω)| ∼= 1 for a cold cavity and |rh(ω)| ∼= 1 for a hot cavity. As the linearly polarized probe beam can be
regarded as the superposition of two circularly polarized components (|R〉+ |L〉)/√2, the state of the reflected light
becomes (eiϕ0 |R〉 + eiϕh |L〉)/√2 after it is reflected from the one-side QD-cavity system. Conversely, if the excess
electron is in the spin state | ↓〉, the |L〉 light feels a cold cavity and gets a phase shift of ϕ0 after being reflected,
while the |R〉 light feels a hot cavity and gets a phase shift of ϕh. The linear polarized probe beam (|R〉 + |L〉)/
√
2
becomes (eiϕh |R〉+eiϕ0|L〉)/√2 after being reflected. The polarization direction of the reflected light rotates an angle
θ↑F = (ϕ0 − ϕh)/2 = −θ↓F , which is the so-called Faraday rotation.
If the electron is in a superposition spin state |ψ〉 = (| ↑〉+ | ↓〉)/√2 and the photon is in the state (|R〉+ |L〉)/√2,
after being reflected, the light-spin state evolves as
1
2
(|R〉+ |L〉)⊗ (| ↑〉+ | ↓〉) → 1
2
eiϕ0 [(|R〉+ ei∆ϕ|L〉)| ↑〉+ (ei∆ϕ|R〉+ |L〉)| ↓〉], (4)
where ∆ϕ = ϕh − ϕ0, ϕ0 = arg[r0(ω)], and ϕh = arg[rh(ω)]. In a one-side cavity, due to spin selection rule above,
|L〉 and |R〉 lights pick up two different phase shifts after being reflected from the QD-cavity system, and then the
state of the system composed of the light and the excess electron becomes an entangled one.
III. COMPLETE HBSA USING ONE-SIDE QD-CAVITY SYSTEMS
A hyperentangled two-photon Bell state in both the polarization and the spatial-mode DOFs has the form as
|Φ+〉ABPS =
1
2
(|RR〉+ |LL〉)ABP ⊗ (|a1b1〉+ |a2b2〉)ABS . (5)
Here, the superscripts A and B represent the two photons in the hyperentangled state. The subscript P denotes the
polarization DOF and S is the spatial-mode DOF. a1 (b1) and a2 (b2) are the different spatial modes for the photon
A (B). We denote the four Bell states in the polarization DOF as
|φ±〉ABP =
1√
2
(|RR〉 ± |LL〉)ABP ,
|ψ±〉ABP =
1√
2
(|RL〉 ± |LR〉)ABP ,
(6)
4and the four Bell states in the spatial-mode DOF as
|φ±〉ABS =
1√
2
(|a1b1〉 ± |a2b2〉)ABS ,
|ψ±〉ABS =
1√
2
(|a1b2〉 ± |a2b1〉)ABS .
(7)
Also we refer to the states |ψ±〉ABP and |ψ±〉ABS as the odd-parity states, and |φ±〉ABP and |φ±〉ABS as the even-parity
states.
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FIG. 2: Schematic diagram of the present HBSA protocol for the spatial-mode entangled Bell states, without destroying the
polarization Bell states of the photon pair AB. (a) The QND is used to distinguish the odd-parity states |ψ±〉ABS from the
even-parity states |φ±〉ABS . (b) The QND is used to distinguish the ”+” phase state |ψ
+〉ABS (|φ
+〉ABS ) from the ”-” phase states
|ψ−〉ABS (|φ
−〉ABS ). The dashed line presents the case that the photons A coming from the spatial mode |a1〉 and B coming
from |b2〉 pass through QD1 in sequence. The small mirror is used to reflect the photon for interacting with the cavity twice.
HWP represents a half-wave plate which is used to perform a phase-flip operation Z = |R〉〈R| − |L〉〈L| in the polarization
DOF, while HWP1 represents another half-wave plate which is used to perform a bit-flip operation X = |R〉〈L|+ |L〉〈R| in the
polarization DOF. BS represents a 50:50 beam splitter.
A. HBSA protocol for Bell states in spatial-mode DOF
The optical properties of a singly charged QD in a strong-coupling single-side microcavity, which has been used for
a controlled-phase gate, can be used to construct a quantum nondemolition detector (QND), as shown in Fig.2. Let
us assume that the initial states of the excess electron in the cavity and a single photon injected are (| ↑〉+ | ↓〉)/√2
and α|R〉 + β|L〉, respectively. By adjusting the frequencies ω − ωc ≈ κ/2 to get the phase shift difference between
the left and the right circular polarization lights as ∆ϕ = π/2, the function of a single photon interacting with a
QD-cavity system twice is
(α|R〉+ β|L〉)⊗ 1√
2
(| ↑〉+ | ↓〉) → e2iϕ0(α|R〉 − β|L〉)⊗ 1√
2
(| ↑〉 − | ↓〉). (8)
One can detect whether or not there is a photon interacting with the QD-cavity system by measuring the spin state of
the excess electron with the orthogonal basis {|±〉 = (| ↑〉 ± | ↓〉)/√2}. If the excess electron is in the state |−〉, there
is a photon interacting with the QD-cavity system (With a phase-flip operation Z = |R〉〈R| − |L〉〈L| on the photon,
its original polarization state is recovered). Otherwise, there is no photon (or there are two photons) interacting with
the QD-cavity system when the state of excess electron doesn’t change. Therefore, if the state of excess electron in
QD is not changed, there are an even number of photons detected by the QD-cavity system. With this principle, the
QD-cavity system can be used as a QND to distinguish the case with an even number of photons from that with an
odd number of photons.
5Now, we will use this photon-number QND to construct a parity-check QND for the spatial-mode states of a photon
pair. If the excess electrons in QD1 in Fig.2(a) is prepared initially in the state |+〉, after the photons A and B pass
through QD1 in sequence, the state of the excess electron is in |+〉 with the input states |ψ±〉ABS (odd-parity). However,
the state of the excess electron becomes |−〉 if the input states are |φ±〉ABS (even-parity). By applying a Hadamard
gate on the excess electron spin, the spin superposition states |+〉 and |−〉 can be rotated to the states | ↑〉 and | ↓〉,
respectively. If we have an auxiliary photon c in the initial state |ϕc〉 = (|R〉+ |L〉)/
√
2 and let it pass through QD1,
after it is reflected from the cavity, the state of the system composed of the photon and the QD electron spin becomes
1√
2
(|R〉+ |L〉)| ↑〉 → 1√
2
eiϕ0(|R〉+ i|L〉)| ↑〉,
1√
2
(|R〉+ |L〉)| ↓〉 → 1√
2
eiϕ0(|R〉 − i|L〉)| ↓〉.
(9)
The output state of the auxiliary photon c can be measured in orthogonal linear polarization basis. If the auxiliary
photon c is in state (|R〉 + i|L〉)/√2, the state of the excess electron in QD is | ↑〉. Otherwise the state of the excess
electron in QD is | ↓〉. In this way, one can construct a parity-check QND for the spatial-mode states to distinguish
the odd-parity states |ψ±〉ABS from the even-parity states |φ±〉ABS by detecting the spin state of the excess electron in
QD1. The spin state of excess electron in QD1 is changed for even-parity states and unchanged for odd-parity states.
With the QND in Fig.2(a), the four Bell states in the spatial-mode DOF are divided into two groups |ψ±〉ABS and
|φ±〉ABS . The next task of BSA in spatial-mode DOF is to distinguish the different relative phases in each group. The
QND shown in Fig.2(b) is used to distinguish the Bell states with the relative phase zero from those with the relative
phase π. BS can accomplish the following transformations in spatial-mode DOF,
|a1〉 → 1√
2
(|c1〉+ |c2〉),
|a2〉 → 1√
2
(|c1〉 − |c2〉),
|b1〉 → 1√
2
(|d1〉+ |d2〉),
|b2〉 → 1√
2
(|d1〉 − |d2〉).
(10)
After the operations by BSs in Fig.2(b), the two groups of Bell states become:
|φ+〉ABS =
1√
2
(|a1b1〉+ |a2b2〉)ABS → |φ+〉ABS =
1√
2
(|c1d1〉+ |c2d2〉)ABS ,
|φ−〉ABS =
1√
2
(|a1b1〉 − |a2b2〉)ABS → |ψ+〉ABS =
1√
2
(|c1d2〉+ |c2d1〉)ABS ,
|ψ+〉ABS =
1√
2
(|a1b2〉+ |a2b1〉)ABS → |φ−〉ABS =
1√
2
(|c1d1〉 − |c2d2〉)ABS ,
|ψ−〉ABS =
1√
2
(|a1b2〉 − |a2b1〉)ABS → |ψ−〉ABS =
1√
2
(|c1d2〉 − |c2d1〉)ABS .
(11)
That is, |φ+〉ABS , |φ−〉ABS , |ψ+〉ABS , and |ψ−〉ABS become |φ+〉ABS , |ψ+〉ABS , |φ−〉ABS , and |ψ−〉ABS , respectively. With
the parity-check measurement shown in Fig.2(b), one can read out the information about the relative phases in the
groups |φ±〉ABS and |ψ±〉ABS . If the states of the excess electrons in QD2 and QD3 are both changed (unchanged),
the state input is |φ−〉ABS or |ψ−〉ABS , and the output ports are c1 and d2 (c2 and d1). While the state of the excess
electron in QD2 is changed (unchanged) and the state of the excess electron in QD3 is unchanged (changed), the state
input is |φ+〉ABS or |ψ+〉ABS , and the output ports are c1 and d1 (c2 and d2).
The relation between the initial spatial-mode Bell states and the outcomes of the QNDs is shown in Table I. The
two-photon system is in one of the two odd-parity states |ψ±〉ABS in spatial-mode DOF if the state of excess electron
in QD1 is unchanged. When the state of the excess electron in QD1 is changed, the two-photon system is in one of
the two even-parity states |φ±〉ABS . With QD2 and QD3, we read out the information about the relative phases in the
groups |φ±〉ABS and |ψ±〉ABS . Therefore, for the state |ψ+〉ABS , the state of the excess electron in QD1 is unchanged,
and the states of the excess electrons in QD2 and QD3 are in combination of one changed and the other unchanged.
If the state of the excess electron in QD1 is unchanged and the states of the excess electrons in QD2 and QD3 are
both changed or unchanged, the input state of the two-photon system is |ψ−〉ABS . For the two-photon state |φ+〉ABS ,
6the state of the excess electron in QD1 is changed, and the states of the excess electrons in QD2 and QD3 are in
combination of one changed and the other unchanged. For the input state |φ−〉ABS , the state of the excess electron in
QD1 is changed, and the states of the excess electrons in QD2 and QD3 are both changed or unchanged.
From the preceding analysis, one can see that the roles of the two QNDs are accomplishing the task of parity
check. The first QND can distinguish the two even-parity states in spatial-mode DOF from the two odd-parity states.
With two BSs, the two states with two different relative phases are transformed into another two states with different
parities. After the second QND, one can distinguish the four Bell states in spatial -mode DOF without destroying
the two photons, which provides the convenience for the BSA in polarization DOF.
TABLE I: Relation between the four Bell states in the spatial-mode DOF and the output results of the measurements on
electron-spin states.
Bell Results
States QD1 QD2 QD3
|ψ+〉ABS unchange change (unchange) unchange (change)
|ψ−〉ABS unchange change (unchange) change (unchange)
|φ+〉ABS change change (unchange) unchange (change)
|φ−〉ABS change change (unchange) change (unchange)
B. HBSA protocol for Bell states in polarization DOF
Now let us move our attention to distinguish the four Bell states |ψ±〉ABP and |φ±〉ABP in polarization. Hu et al. [50]
showed that the four Bell states in polarization DOF can be easily distinguished with two photons passing through a
one-side QD-cavity system, and this nonlinear optical effect of a one-side QD-cavity system can be used in our HBSA
protocol for polarization DOF, as the same as that by Hu et al. [50].
Figure 3 is the proposal for BSA in polarization DOF. If we have the two spatial modes selected in Sec. III A put to
the cavity in sequence after the BSA in spatial-mode DOF and adjust the frequencies ω−ωc ≈ κ/2 to get ∆ϕ = π/2,
we can get the transformations as follows.
1
2
(|RR〉 ± |LL〉)⊗ (| ↑〉+ | ↓〉) → 1
2
e2iϕ0 [(|RR〉 ∓ |LL〉)⊗ (| ↑〉 − | ↓〉)],
1
2
(|RL〉 ± |LR〉)⊗ (| ↑〉+ | ↓〉) → 1
2
ei(ϕ0+ϕh)[(|RL〉 ± |LR〉)⊗ (| ↑〉+ | ↓〉)].
(12)
If QD4 in Fig. 3 is prepared initially in the state |+〉, after the interaction of two photons with the QD-cavity
system, one can identify whether the two-photon input states are the Bell states |ψ±〉ABP (corresponding to spin |+〉)
or |φ±〉ABP (corresponding to spin |−〉) by measuring the excess electron-spin state. Measuring the two photons in the
polarization basis {|H〉, |V 〉}, it is possible to distinguish |ψ+〉ABP and |φ+〉ABP from |ψ−〉ABP and |φ−〉ABP , respectively.
The relation between the initial Bell states in the polarization DOF and the results of the measurements on QD4 and
the two photons with the basis {|H〉, |V 〉} is shown in Table II.
By far, we have described the principle of our complete and deterministic HBSA with the nonlinear optics in one-
side QD-cavity systems. The BSA on the spatial and the polarization-mode DOFs can be realized by adjusting the
frequencies ω − ωc ≈ κ/2 to get the phase shift ∆ϕ = π/2.
TABLE II: The relation between the initial Bell states in the polarization DOF and the output results of the QD4 and the
single-photon detections.
Bell Results
States QD4 Detector
|ψ+〉ABP unchange {Ha,Hb} or {Va, Vb}
|ψ−〉ABP unchange {Ha, Vb} or {Va, Hb}
|φ+〉ABP change {Ha, Vb} or {Va, Hb}
|φ−〉ABP change {Ha,Hb} or {Va, Vb}
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FIG. 3: Schematic diagram of the present BSA protocol for polarization Bell states. The two spatial modes a and b are sent
into the cavity in sequence.
IV. APPLICATIONS OF HBSA IN QUANTUM COMMUNICATION
As a complete and deterministic analysis on quantum states is important in quantum communication, it is interesting
to discuss the applications of HBSA. Let us use hyperentanglement swapping as an example to describe its principle.
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2a 2d
1d
2c
1c
2b
1b
Alice
HBSA
Bob Charlie
FIG. 4: Schematic diagram for the hyperentanglement swapping in both the polarization and the spatial-mode DOFs. The
initial hyperentangled states are prepared in nodes AB and CD (also the four photons). After Alice performs the HBSA on
the two photons BC, Bob and Charlie can get the hyperentangled state between nodes A and D.
Hyperentanglement swapping enables two parties in quantum communication to obtain hyperentanglement between
two particles which do not interact with each other initially. Suppose that the two entangled pairs AB and CD are
in the following hyperentangled states:
|Φ+〉ABPS =
1
2
(|RR〉+ |LL〉)ABP ⊗ (|a1b1〉+ |a2b2〉)ABS ,
|Φ+〉CDPS =
1
2
(|RR〉+ |LL〉)CDP ⊗ (|c1d1〉+ |c2d2〉)CDS .
(13)
The superscripts A and B denote that the particles are in nodes A and B, respectively, as shown in Fig. 4. Alice shares
a photon pair AB with Bob, and she also shares a photon pair CD with Charlie. The task of this hyperentanglement-
swapping protocol is to entangle the two photons A and D in both the polarization and the spatial-mode DOFs.
To complete entanglement swapping of hyperentangled states, Alice performs HBSA on the two particles B and C
8in her hand, as shown in Fig. 4. The state of the whole system can be rewritten as
|Φ+〉ABPS ⊗ |Φ+〉CDPS =
1
4
[(|φ+〉ADP |φ+〉BCP + |φ−〉ADP |φ−〉BCP + |ψ+〉ADP |ψ+〉BCP
+ |ψ−〉ADP |ψ−〉BCP )⊗ (|φ+〉ADS |φ+〉BCS + |φ−〉ADS |φ−〉BCS
+ |ψ+〉ADS |ψ+〉BCS + |ψ−〉ADS |ψ−〉BCS )].
(14)
If the outcome of HBSA is |φ+〉BCP |φ+〉BCS , the two photons located in the nodes A (Bob) and D (Charlie) is in
the hyperentangled state |φ+〉ADP |φ+〉ADS . The other outcomes lead to the other hyperentangled states, such as
|φ+〉ADP |φ−〉ADS , |φ−〉ADP |φ±〉ADS , |φ±〉ADP |ψ±〉ADS , |ψ±〉ADP |φ±〉ADS , and |ψ±〉ADP |ψ±〉ADS . In principle, it is not difficult
for Bob and Charlie to transform their hyperentangled state into the form |φ+〉ADP |φ+〉ADS . For instance, if Bob and
Charlie obtain the state |ψ−〉ADP |ψ−〉ADS , the state |φ+〉ADP |φ+〉ADS can be obtained in the way that Charlie performs
an operation −σy = |R〉〈L| − |L〉〈R| in polarization (both the two spatial modes d1 and d2) and then exchanges the
two spatial modes after he introduces a phase π in the spatial mode d1 with a λ/2 wave plate.
The hyperentanglement-swapping protocol presented here is completed by two simultaneous but independent pro-
cesses, including both the polarization BSA and the spatial-mode BSA. If we only perform the Bell-state measurement
on the photons B and C in the polarization DOF, photons A and D will be entangled in the polarization degree of
freedom but leave their state in the spatial-mode DOF be a mixed one.
V. DISCUSSION AND CONCLUSION
BSA is essential in quantum communication, especially in long-distance quantum communication assisted by quan-
tum repeater. There are many proposals for analyzing Bell states in polarization photon pairs. For the hyperentangled
BSA discussed here, the entanglements in different DOFs need to be analyzed independently. This is different from
the hyperentanglement-assisted BSA in polarization DOF, in which another degree of freedom is used as an additional
system and is consumed in the analysis.
In our proposal, the BSA in the polarization and the spatial-mode DOFs are completed by the relative phase
shift π/2 of left circularly and right circularly polarized lights. In 2011, Young et al. [54] performed high-resolution
reflection spectroscopy of a quantum dot resonantly coupled to a pillar microcavity with quality factor Q ∼ 51000
(d = 2.5µm), and their experiment showed that a QD-induced phase shift of 0.2 rad between an (effectively) empty
cavity and a cavity with a resonantly coupled QD can be deduced, by using a single-photon level probe. If the cavity
loss is κs < 1.3κ [50], by improving the mode matching and the pillar design, this relative phase shift could achieve
±π/2. In an ideal condition, the fidelity of the HBSA proposal can reach 100%, but in experiment the fidelity is
reduced by the limitation of techniques. When two photons are put into a cavity in sequence, the time interval ∆t
between the two photons should be shorter than the electron spin decoherence time T e2 . The electron spin decoherence
time T e2 could be extended to µs using spin echo techniques, which is longer than the time interval ∆t (ns) with weak
excitation [50]. The heavy-light hole mixing can reduce the fidelity [55], but it can be improved for charged excitons
due to the quenched exchanged interaction [56, 57]. The trion dephasing effect can also reduce the fidelity [58–60],
but this dephasing effect of X− can be neglected with the hole spin coherence time three orders of magnitude longer
than the cavity photon lifetime [61–63]. As the decoherence effects of electron spin, heavy-light hole, and X− can be
neglected, the main factors that reduce the fidelity of HBSA proposal are the coupling strength and the cavity side
leakage.
If the cavity side leakage is neglected, the fidelity of the HBSA proposal can reach 100% in the strong-coupling
regime with |r0(ω)| ∼= 1 and |rh(ω)| ∼= 1. However, there is rigorous limitation in the QD-micropillar cavity, and the
cavity side leakage should be considered. Defining fidelity as F = |〈ψf |ψ〉|2, the fidelities for HBSA proposal can
be calculated. Here |ψf 〉 is the final state of the total system which includes the external reservoirs, and |ψ〉 is the
final state with an ideal condition. As discussed in Ref. [50], the fidelity of even parity Bell states is larger than odd
parity Bell states in polarization DOF, we calculate the fidelity (in amplitude) and the efficiency of the present HBSA
proposal for the hyperentangled state |φ+〉P |φ+〉S . The fidelity of this state is
F =
[(ζ5 + ξ5)2 + 22ǫ4(ζ + ξ)2 + 4ǫ(ζ4 − ξ4)2 + 16ǫ3(ζ2 − ξ2)2 + 9ǫ2(ζ3 + ξ3)2]2
(ζ10 + ξ10)2 + 22ǫ8(ζ2 + ξ2)2 + 4ǫ2(ζ8 − ξ8)2 + 16ǫ6(ζ4 − ξ4)2 + 9ǫ4(ζ6 + ξ6)2 ×
1
128
, (15)
and the efficiency of this state is
η = (
1
2
ζ4 +
1
2
ξ4)2(
1
2
ζ2 +
1
2
ξ2)2, (16)
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FIG. 5: The fidelity (a) and the efficiency (b) of the present HBSA protocol for the hyperentangled-Bell state |φ+〉P |φ
+〉S vs
the coupling strength g/(κ+ κs) and the side leakage rate κs/κ with γ = 0.1κ.
where ζ = |r0|, ξ = |rh|, and ǫ = |r0||rh|. Figure.5 shows the fidelity and the efficiency of the present HBSA protocol
for the hyperentangled state |φ+〉P |φ+〉S . From Fig.5(a), we can see that the HBSA proposal works with a high
fidelity in both strong the coupling regime (g > (κ+κs)/4) and the weak coupling regime (g < (κ+κs)/4). However,
considering the efficiency in Fig.5(b), our protocol only works effectively in the strong coupling regime. In experiment,
it is easy to achieve the weak coupling, but it is challenging to observe a strong coupling in a QD-cavity system. It
has been observed the coupling strength can be increased from g ∼= 0.5(κ + κs) (Q = 8800) [64] to g ∼= 2.4(κ + κs)
(Q ∼ 40000) [65] for d = 1.5µm micropillar microcavities by improving the sample designs, growth, and fabrication
[66]. For the strong coupling g ∼= 0.5(κ+ κs), the fidelity and efficiency are F = 86% and η = 36.8% when κs/κ = 0,
and they are F = 66% and η = 0.7% when κs/κ = 0.3. For the strong coupling g ∼= 2.4(κ + κs), the fidelity and
the efficiency are F = 100% and η = 95% when κs/κ = 0, and they are F = 48% and η = 15.1% when κs/κ = 0.5.
The quality factors in these micropillars are dominated by the side leakage and cavity loss rate, so the top mirrors
of high-Q micropillars (d = 1.5µm) are thin down to get κs/κ ∼ 0.7 and g ∼= κ + κs (Q ∼ 17000) in Ref. [50]. For
the strong coupling g ∼= κ + κs, the fidelity and the efficiency are F = 97% and η = 64% when κs/κ = 0, but they
are F = 33% and η = 8.5% when κs/κ ∼ 0.7. Both the fidelity and the efficiency are largely reduced by the cavity
side leakage. To get small κs/κ in the strong coupling regime, high-efficiency operation is highly demanded. This
could be quite challenging for micropillar microcavities. The recent experiments achieve the strong coupling with
large micropillars [67], while the side leakage is small with small micropillars.
In summary, we have proposed a complete HBSA scheme with the interaction between a circular polarization light
and a one-side QD-cavity system (the nonlinear optics of a one-side QD-cavity system). We use the relative phase
shift of the right and the left circularly polarized lights to construct parity-check measurements and analyze Bell
states in different DOFs of two-photon systems. We have also discussed its applications in long-distance quantum
communication processes in two different DOFs simultaneously.
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